A generalized notion of quotient for finite Abelian groups  by O'brien, G.L.
Discrete Mathematics 37 (1981) 119-121 
North-Holland Publishing Company ’ 
119 
NOTE 
ALIZED PJOTlON OF QUOTIENT FOR Fl.NlTE 
ABELIAN GROUPS 
G.L. O’BRIEN 
Department of Mathematics, York University, Downsuiew, Ontario, M3.I 1 P3, Canada 
Received 24 January 1986 
A finite Abelian group G is partitioned into subsets which are translations of each othtr. A 
binary operation is defined on these sets in a way which generalizes the quotient group 
operation. Every finite Abelian group can be realized as such a generalized quotient with G 
cyclic. 
Let G be a finite Abelian group (under addition, with identity 0). Let X and Y 
be two subsets of G such that G = X@ Y, that is, each element g E G can be 
written in a unique way as a sum n + y where x E X and y E Y. Let X = 
{ x’l, x2, l - - 9 xk} and let 
Yi = Xi + Y, i = 1,2, . . . , k. ,. 
The collection C = ( Y1, Y2, . . . , Yk) is a parcitron of G. Define a binary operation 
* on C by 
Yi*Yj=Yh ifq+xjEYh. (I) 
We call (C, *) a quotient of G by Y. The purpose of this note is to investigate such 
quotients. One result is that they are always quasi-groups. This may be a useful 
way of constructing and studying finite Abelian quasi-groups. The quotients often 
turn out to be groups. Our main result is that every finite Abelian group may by 
realized as a r~uotient of a finite cyclic group G by a subset of G. 
Example I. If Y is a subgroup of G, it is clear that X must contain exactly one 
element of each coset of Y, in order that X@ Y = G. Then C is a group under *: 
in fact C is the usual quotient group G/Y, no matter which particular set X is 
used. On the other hand, if X is a subgroup of G, it is evident that C=X. 
. It is not necessary for either X or Y to be a group in order that C be 
a group. Also, a quotient of a group C by a set Y is not necessarily detelrmined by 
specifying Y. Let G =x8, the cyclic group with eight elements, and let X = 
(0, 1,4,5} and Y= {0,2}. Then C =Z2Q3&. Now let G = E8, X = {0,3,4,7} and 
Y = (0,2}. Then C s&. Note also that if G = H8, X = (0, 1,4, 5) and Y = {0,6], 
then C = &. 
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Example 3. A quotient of a group G by a set Y need not be a group. Let 
G = Z,CW,@Z,, X = {(@, & O), (1, 1, O), (2, :2, O))@{(O, 0, ?, to,% 1h (0, 0,2), 
(2,0,3), (0, 0,4), (0, 0,5), (0, 0,6)), and Y = ((0, 0, O), (LO, 0), ((I, LO)}. Then 
C((0, 0,l) + ‘Y) * ((0,OT 2) + Y)l * ((0, 094) + Y) 
-((2,0,3)+Y)*((0,0,4)+Y)=(2,2,0)+1 
while 
((0, 0,1) + Y) * [((O, 0,2) + ‘y’) * ((0, 0,4)+ Y,] 
=((0,0, l)+Y)*((O,O,6)+Y)=(O,O,O)+Y, 
so that * is not associative. 
It is interesting to note that non-associativity is the only way C can fail to be a 
group. 
Tkorem I. If the operation * is associative, then C is a finite Abelian group. In 
general, C is a quasi -group. 
Proof. Commutat.ivity and finiteness are obvious. We prove the left (and hence right) 
cancellation law. Suppose Yi * Yi = Yi * Yh where Yi =q + Y, Yj =% + Y and 
Yh =x, + Y are elements of C. Then Xi + xi = xI + d and xi + xh = xr + e where 
J:~ E X and d, e E Y. Since G is an Abelian group, Xj + e = xh + d. Since G = X@ Y, 
it follows that xi = xh so that Yj = Yh. This proves the theorem. 
It would, of course, be interesting 10 know just when the associative law does 
hold for *. It would also be interesting to know what structures can be realized as 
quotients. An interesting aspect of the answer to the second question is provided 
by the following theorem. The theorem is in a sense a dual to the we&known 
result (see for example [l, p. 81) that every finite Abelian group may be written as 
a direct sum. 
of finite cyclic groups. 
rem 2. Every, finite Abelian group H is a qrsdent of some cyclic group G by a 
subset of G. 
a@of. Assume H has the form (211 and denote elements of If by ordered r-tuples 
with componentwise addition. Let 
G = Z2~-~n,n2_..n,. 
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Now define 
where @ c dena+es the direct sum, and 
r-l 
y= @ C {0,2’-“nlFl2 ’ l l lli). 
Then 
i=l 
[ 
r-l 
X@y= @ C {q2’-‘fllnz ’ ’ l$i_1: OS& <28i} 
i=l 1 
${aJ-‘n1n* l ’ l n,_1: Oca, c n,} = G. 
We will show that C = {x + Y: x E X) is a group under the operation * defined as 
in (l), and that C is iso?norphic to H. Define a map Q, : C + H by 
@( i ai2i-1nln2 l l l ?Zi_l +Y) = (a,, a2, . . . , a,), (3) 
for OSa,<Q, i=l,2 ,..., r. Obviously, Q, is one-to-one snd onto. Let u, u E X, 
say with 
r r 
U = c ai2’-‘nln2 l l l ni-1 and v = c bi2i-1rin2 l l l ni_1, 
i=l i=l 
where OS@, bi<ni, i=l, 2 ,..., r. Then 
u +v = (q + bi)2’-‘nlnz l l l tzi-1. 
i=l 
(4) 
By the definition of G, a, + b, can be calculated modulo n, in (4). Thus, we may 
write 
(U + Y) * (V + Y)= f Ci2i-1n1112 l l l Iti- + Y 
i=l 
where ci G ai + bi (mod ni) and 0 s ci < ni. Therefore 
@((u + Y) * (v-i- Y)) 
It follows that C is a group 
eference 
= Cc19 C29 l - l 7 Cr) 
= (al + bJmod nl), . . . , a, i- b,(mod ra)) 
= (al, a2, . . . , a,)+(&, b2, l . l , br) 
= @(u + Y) +@(zJ + Y). 
under :k and that Q, is an isomorphism. 
[l] D. Gorenstein, Finite Groups (Harper and Row, New York, lCfi8). 
